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1. MOTIVATION

In 1979, Schoen and Yau proved that for smooth, complete asymptotically flat 3-dimensional Rie-
mannian manifolds with non-negative scalar curvature, the total mass is non-negative [11]. Moreover,
the equality holds if and only if the Riemannian manifolds is isometric to the Euclidean space [11].
The problem has been extended up to dimension 7 using an inductive argument starting from di-
mension 3. In 2011, Lam extended this theorem to all dimensions for graphical manifolds over the
Euclidean space. This is a special class of Riemannian manifold, but the proof works in all dimen-
sions [9]. In 2014, Dahl, Gicquaud, and Sakovich proved a similar result for n-dimensional graphical
manifolds over the hyperbolic space with scalar curvature lower bound —n (n — 1) [7].

2. INTRODUCTION

I will present an undergraduate friendly monograph of the total energies and graphs involved
with asymptotically flat manifolds and asymptotically hyperbolic manifolds. For this, this paper is
broken into two parts: Part I is, in part, a brief review of geometric and topological terms that will
be used throughout, which leads into a digest of asymptotically flat manifolds and their graphical

versions. Part II utilizes the techniques from Part I but in hyperbolic space. Utilizing the divergence
1
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theorem, I will demonstrate that both asymptotically flat manifolds and asymptotically hyperbolic
manifolds’ total masses fall under the positive mass theorem, by demonstrating that their total
energies, individually, equal a mass m. While this will give an overview of concepts, the primary
focus is on the calculation aspect. For more conceptual information, I highly recommend [1] [9] as
that is where I'm primarily drawing from for initial information regarding the asymptotically flat
manifold and asymptotically hyperbolic manifold, respectively.

3. PRELIMINARY

3.1. Defining a Manifold. A manifold is a generalized space locally linked to Euclidean space. A
manifold useful for this paper is a Riemannian manifold which contains of smooth infinitesimally
differential surface. I will call this manifold M and consist of the following properties:

e Countable Axiom of M: There exist a countable basis for the topology of M.

e Hausdorff Axion: Given two distinct points of M, there exist neighborhoods of these two
points that do not intersect.

e Locally Euclidean Space: Dealing with functional compositions the connection(¢) between
a manifold and a Euclidean Space can be in the form:continuous, bijection, and continuous
inverse. Every point of p € M has a open neighborhood U, and an open set U C R", and a
homeomorphism ¢ : U — U.

A manifold’s properties projected onto a Euclidean space is recorded by looking at as a series of
coordinate charts A = {(Uj, ¢;)} such that covers M, i.e., M = |J;U. A C*-atlas on a topological
manifold M is an atlas A such that for any pair 4, j with U; N U; # (.The map

(3.1) ¢jo¢; " ¢i (Ui NU;) — ¢ (Ui N Uj)

has an inverse that infinitely differentiable(i.e., has a diffeomorphism).

Definition 3.1. (Metric Tensor). A metric tensor is a symmetric nondegenerative form on a
differentiable manifold.

Definition 3.2. (Lorenzian Manifold). Consider the pair (M, g) as a semi-Riemannian manifold

0) -tensor field on M. In local

if M is a smooth manifold and ¢ is a non-degenerative symmetric <2

cooridnate system ¢ = (xl, s x”) in M, g can be expressed as

(3.2) g = gijdz’ @ da?,
g 0
where g;; = g <8i’ 8]) € C*° (M). At each point p € M, the matrix |g;; (p)| of metric tensor g on
xt 0w
M is invertible with inverse [¢”/ (p)]. Another element of Lorentzian manifold is its matrix’s diagonal
values (+, -, -, -),i.e., the signature sign of p € M is individual diagnol + - values (€1, ..., €,) where
(3.3) & = sign (i (p)) ,
where g;; is a orthonormal basis, and the index of g at p € M is the number of negative signs in
(€1,...€5). In the case of Lorenzian manifold, the index of g has a value of -1 (i.e., + - - -) everywhere

in M. Since (2) can be written in bilinear form, the Lorentzian manifold is incredibly useful for
generalizing metrics in spacetime.

Example 3.3. Euclidean Space R™ has a metric
(3.4) § = dat 4 dal + ... +dx?
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And it has a matrix representation

SO O
o O _= O

0 1
Example 3.4. Schwarschild spacetime is a Lorentzian manifold with metric
2 2m\ '
(3.5) g=— <1 - m) dt* + (1 - m) dr® + r? (d6* + sin®0de?)
r r

This solution is a spherically symmetric metric which represents a black hole.

FIGURE 1. Smooth Atlas of M’s Inversibility

3.2. Curvature Tensor and Other Useful Identities. Metrics in Euclidean space can be sum-
marized in terms of:

e Knronecker delta (6)

1 ifie
(3.6) b=
0 ifi#y

in R"i,je{l,..,n}.

A theorem and a series of definitions are necessary.

Definition 3.5. (Connection map V). A connection V on a smooth manifold M is a map
ViXM)xX (M) — X (M)
(X , Y) — VxY,
in so that f, g € C*°(M) and X,Y,Z € X (M), with V;V is known as a covariant derivative with sub-
script ¢ being known as the direction and V, in this instance, is known as the input field. Abstractly,
the connection map/covariant derivative has the following properties in a vector space:

(1) Leibniz rule: Vx (fY) = X (f)Y + fVxY.(a sort of product rule)
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(2) Linearity: Vx (Y +Z2) = VxY + VxZ, (you can add then take the individual covariant
derivative or vice versa)
(3) Tensorial: VixigvZ = fVxY + gVy Z, (linearity for direction vector input)

Remark 3.6. VxY is the covariant derivative of Y in the direction X for the connection V. To
understand connection, it is also important to know that there is lie bracket. For brevity, we will say
a lie bracket is the measure how much a vector field fails to close. If a lie bracket is zero then the
vector field successfully closed.

Theorem 3.7 (Fundamental Theorem of Semi-Riemannian Geometry). On a semi-Riemannian man-
ifold (M, g), there exists a unique connection V such that

(1) Torison-Free: [X,Y] =V xY —Vy X, (that is to say this lie bracket is zero and that the torison
tensor vectors are parallel to each other)
(2) Metric compatibility: Xg(Y,Z) = g(VxY,Z)+ g (Y,VxZ)
for all X,Y,Z € X (M).

Remark 3.8. X'= { all smooth vector fields on R"}.
Which allows for the following notation

Definition 3.9 (Christoffel Symbol). Consider semi-Riemannian manifold (M, g) with coordinate
frame {01, ...,0n} for a tangent space TM on an open set U C M. The expansion of Vy,0; in terms
of coordinate frame is

(3.7) I'V,0r := V,0;, for all 4,4,k € {1,....,n},

where Ffj is called a Christoffel symbol of ij € (where €}, is known as the eigen vector of k direction)

with respect to the coordinate frame. Christoffel symbols satisfy the following thanks to the Torison-
Free definition (3.7):

(3.8) Iy, =T% foralli,j,k € {1,2,...,n},
1 .
(3.9) Ffj = igkl(aiglj + 0jqii — O1945) for all i, j, k € {1,2...,n}.
Definition 3.10 (Ricci Curvature). The Ricci curvature is a symmetric (g) -tensor and has a matrix
representation. In local coordinate e.g., (:zl, e :1:”), the Ricci curvature is
(3.10) Ric = R;jdz' @ da?
where
(3.11) Rij = R(0;,0;) =0,T}; — ;T + Ti,Tjy — ThTh.
The trace of Ricci curvature is called the scalar curvature and is defined as
(3.12) R= g”Rij.

Since Ricci curvature is symmetric, it is diagonalizable. Therefore there exist an orthonormal frame
{e1, .., en} such that

R 0
(3.13) Ric = 0 R22 s
0o .. R,
where R;; = Ric (e;, e;). Moreover, since g;; = d;;, we have
(3.14) R=Ry1+ ...+ Rpn.

Definition 3.11 (Second Fundamental Form and Mean Curvature). Let (N, g,,,)be a (n — 1)-dimension
hypersurface of N with unit normal v. For a semi-Riemannian hypersurface M of N, we have only
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one normal direction with unit normal v and the second fundamental form in local coordinate
1 n—1
{z*, .., 2"}

(3.15) S = Swda:’ &® d.%j, Sii = —gnN (Vaiv, 8]) =gN (Vaiv, 8]) .
Mean curvature is -
(3.16) H = g"5;;.

A relation between Ricci curvature, II fundamental form and mean curvature is the trace of the Gauss
equation. In Euclidean space this trace is

(3.17) Ry — Ricy (v,v) = Ry + (S — H?) .

Definition 3.12 (Graphs and Space). Let M be a smooth manifold and f : M — R be a smooth
manifold function. A graph ¥ over M is a smooth manifold of Rx M and defined by ¥ := {(f (z) ,z) €
R x M}. If M <R"™ then M < H" for a Hyperbolic space H.

Definition 3.13 (Positive Mass Theorem). Positive Mass Theorem is the notion that of the initial
cachy data (M 3.4, k) (where M? is an asymptotically flat manifold, g is a riemannian metric, and k&
is a 2-tensor induced by a quadratic formation that takes into account how arc length changes as sur-
faces along a tangential direction, i.e, IT fundamental form) is asymptotically flat with a surrounding
trivial topology (i.e., the exterior region of an Euclidean space).

ae
~ P

.

H"‘m e

where the metric g resembles a flat metric § and 2-tensor k£ goes to zero as manifold M goes to oo

4. ASYMPTOTICALLY FLAT (AF) MANIFOLD

4.1. Mass/Energy in General Relativity. The space part of spacetime is modeled by a Rie-
mannian manifold (M, g) where g is the metric (positive definite symmetric metric represented by a
matrix).

How to defined total energy/mass of spacetime? In Newtonian physics

energy = / force
. .. JDomain
Hence, what is force? One way to represent it is by the curvature of (M, g).

What is curvature of a Riemannian manifold? In 2D, we have Gauss curvature k A notion that
involves k that I focused on is the scalar curvature R which is a function of g and its derivative. R
can also be thought of as function F' (g, dg, 82g).

Flat R3 with metric §

0 = identity matrix
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-y

N

>0 k=0 k<0

FIGURE 2. Visual responding to different k

has zero scalar curvature. Conceptually one can say

energy ~ / R R,
Domain ~

curvature of model

4.2. Positive mass Theorem (PMT) for Graphs over Euclidean space. The mapy; (M™, g)
of an asymptotically flat manifold (M™, g) is defined [9] as
1 .
n . e — Ve 1
mapy (M", g) *rlglolo 2(n — 1) wn1 X /T (9i9ij — 059ii) v’ dSy,
where wy,_1 is the volume of the n — 1 unit sphere, S, is the coordinate sphere of radius r. v is the
outward unit normal to S, and dS, is the area element of S, in coordinate chart [9]. Another way of
writing the ADM mass of a graph() can be written as
1 1 .
— lim —— I O SO S A
(4'1) MmaADpM = rll{go 167 /ST 1+ |Vf|2 (fufj fzgfz)y dA,
Which leads us into the theorem

Theorem 4.1. If (M 3, g) s a complete, asymptotically flat riemanninan 3-manifold with nonnegative
scalar curvature and ADM mass mapy, then

mapm 2 0,
with mappr = 0 if and only if (M3,g) is isometric to R® with the standard flat metric.

and with this paper, can generalize the PMT to be

R
(4.2) MADM > / —9 ___dVol,.
re /1 [V2 Y
For here, I will demonstrate this is true by showing mapy; = m and, with the divergence theorem,
Ry

VI+IVIP

derive [, dVol, and why it equals zero.
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(1+5) as
=0 tim o [ a1 g (<) as:

2r2
= — lim —4777“24 (1 + ) <7ﬁ)
r—o0 87 2r 212
1 o 4mt 12m® 12m?  4m
=— lim —4nmr* ( — — — ——

4.3. Proof of PMT for graphs over Euclldean space
mMmADM (g) = MADM (5) — lim /

r—o00 T

(4.3) r—o0 87 16r>  8rt 4r3  2p2
I r2 4m? 12m3 12m2  4m
=—lim — | — - — - —
r—00 2 1675 8rd 4r3 2r2

. 4m? 12m3 12m2  4m
=—lim | — — —
3273 1672 8r 4

Remark 4.2. ¢ is a standard metric of which a complete asymptotically flat manifold is simply the
Euclidean space R". Since 0yd;; = 0 for all ¢, j and k, mapas (6) is 0.

4.3.1. PullBack Example with Smooth Map F. Now for / 1R|gvf’2dVolg we will refer to section
n +

3.1 in [1] using pullback method to induce metric g, which displays the following lemma:

Lemma 4.3. For smooth function f : R™ — R, the graph of f is a hypersurface in R™"1. By letting
manifold M

(4.4) M™ = {(21, ., Zp, (@1, .o, )} €RTL 2 (24, .0, 2,) € R}

be the graph of f, then (M™, g) is isometric to (R™,6 + df ® df). If we say F is a smooth map where
(45) F:(R"0+df @ df) = (M", g)

' z = (z, f ()

then F'is a diffeomorphism whose smooth inverse is the projection map w: (M™, g) — (R™,V + df ® df)

defined by 7 (x, f (x)) = x. So for pullback denoted by *, we now claim:

0 0
(4.6) Pog = ga Hfiggr
of

dat’

pn+1 )

where shorthand notation f; =

Here is my detailed calculation of this claim
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Proof. For all i,j € {1,...,n}, if p € C*° (M™,g), then
0 0

F— =
83:’) ¢ 0

(60 F)
0

— o (9 (2. f (@)

n+1 a¢ a
(Z oxk ozt

o9 Of d¢ Ox*
4.7 = _
(47) Oznt1 Ot + (; oz Oxt
0o Of 0¢ Ox'
- 9zt gt Ozt Oxt
0o Of N )0
9t gt ozt
(0 of 0
B ((%i T o 8:17"“) ¢
0 0 0
therefore F*@ = @ + le ]
0 oxrd 9
(48) ozt 0z 0x)

4.3.2. PullBack in relation to Induced Metric g. Knowing ¢ is an induced metric of R™**1,

o 0

. s T~ — 049 S " ] S 5

(4.9) g(@x”&ﬂ) dij for 1 <i,j<n+1
0 0
so for g <F833“F8x]> )
d 0 0 0 d d
(4.10) g (FaxFaxa> = (axz +flaxx+vaxj+ff'axn+1)
= dij + fifj-

To understand the relation between scalar curvature R and smooth map F', we need to understand
mixed IT fundamental form and how that leads to a graphing of the scalar curvature R.

4.3.3. Mized 1st Fundamental Form. To deal with II fundamental form change indices, cancel match-
ing upper and lower indices for each changed form as shown:

(411) (Sf = (Sijgjk,
Of which (4.11)) is a demonstrative example of canceling Christoffel symbols. Also note:
(4.12) 9i5 = 52] +;2.;]1
g iy ifj
4.13 V=Y —
) ! LH[VfP

For proof of (4.13)
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Proof. Let f € C* (M™) where (M",g) = (M™, gij + fif;) with g;; being J;; in a flat asymptotic
surface. where we known the Einstein summation notation g = g;; + f; fj.

P fifj 2
g :[62']' +gz’j] = |:(1) (1):| + [fz fzf]] _ |:1 +fl fzf] :|

fig  f3 fii 141
for det g
det g = (14 f2) (1+ f2) = (fif;)?
=1+ f+ £+ F2f] - 12F
=1+ 7+ ff
=1+|V/f|
thus

g = 1 [1+f¢2 _fifj:|
L+ V2 —fis 1+fF

in other words

. . fifj
i — §i
g 1+ |V/]

Now that I have established (4.13) as the inverse matrix, I use (4.7) and cancellation method
(4.11), to find the product of (4.12) and (4.13) to be

959" = (65 + fif;) <5Jk SR A )

1+[Vf]2

e SRR e R

_gh it o SNV
(4.14) =9; 1+Nf'ZJrf;f e

A O A (A

_61' +fzf 1—|—|Vf|2

=0+ fif* = fif*

= oF.

The partial derivative d of (4.12) is
(4.15) Ok9ij = Ok (0i + fifj) = farfj + fifjr-
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Going off (4.15) as an example, the Christoffel symbol Ffj is
1
IV = ~g"" (0;gim + 0igjm — Omgij)

2

= 5 (3 - L) Gt s + Fin

+fjfmi = fimfi — fifim)

o i)

(e 2
(4.16) = 0" (fij fim) = fklf:b |<éi}{;n )

-

=45 (1- i e7m)

2 >
:ﬁm<1+YﬂvAyﬂ>
:3ﬁﬂj<1+WVfP>

:( ffzg )
1+ |Vf[2)

Remark 4.5. Observe that

(4.17) f™ fm = IV fI2.
Furthermore
(4.18) V1P = fifi-
So for the Christoffel symbol in (48) taking the partial derivative 0y, is:
K Jrfij Jerfis — 2fifufehi
(4.19) 3kFZ] Tt [V + Tt [V /]2 0+ |Vf|2)2'
Proof: T
k _ ij
ot = o (107
o [E ik I* fijk
- (r5m) +o (97)
A ik I fij f* fi
(420 - (i) + (chwrm) o (o)
o [F ik fR fij Jij fr
- (e ) 2
_ Trtin n Juefii  2fifufkhi
L[V 14V @+ ViR



POSITIVE MASS THEOREM: UNDERGRADUATE FRIENDLY MONOGRAPH 11

Now we can effectively relate Christoffel symbols to the scalar curvature. For example,

g0k — _Juonfe n fisfee  2fifufrhi
ST AIEIVE IV (1 ViR
o,Th, — fijkJr n fiwfiw  2fafifrhi
J

CLEIVP IV (VR
riry, = Julklih
1+ [VFP)
Pl Tk = fiefiifefi .
(1+IVf]?)
Thus, using the definition of scalar curvature (3.12) we have
(4.22)

R=g" (Fljk Ih + 5T — Fékrkl)

_<5,__ fifi )(yf’(j Filew  2fifubefi
= | 04j 1+|Vf|2 f!2 1+]Vf|2 vap)z

furde™  fafin 2fzka falufedi  fufufeh )

CAFVP 1H[VIP WVf\ L+[VF2)? L+ [VfP)?

:(5“ fifi )( fijfee fzkf]k fifafeft  Jfufuhi >
YO HIVE) \ILHIVIE THIVER O 4+ |V A+ (VSR

1 S (.7

= W (fufkk: fzkfzk) (1 T |Vf’2)2

distributed 51'3'

(4.21)

(fiifr — firfu) —

(Hf‘éfw (i fot — Ffye) — m (ot — Fnfi)
distrbraed 1+f‘€]f|2
- 1h+'1vf'2 sk — Font) — mwm ~ fada) - ﬂjémz (i fo — Faede).
(4.23) (1_H1Vf|2‘)fiifkk — fikfir — wlvfm)fiifjj = fijfij,
(4.24) —ﬁmf”fm fafa — - Mfufk] forFis
(4.25) wafkk firfiw — Wfkjfu fwi fjis

where (55) consists of the first term’s k indices changed to j. (56) consists of the second term’s [
indices changed to j. (57)consists of the second term’s ¢ indices changed to k. All together equals
the scalar curvature R of a graph (R",d 4 df ® df) is

2fife
(4.26) (fiifjj = fiifis —

T4 |VIP (fiifix — fijfik)) :

T |V

with a visual of In addition, with the given properties:
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gttt *} M = {(z, f(x)) € H™ 1}

.tuf”" X -
(H"+1,b) (Hn ¢ h)

F1GURE 3. Visual of II graph embedded in FEuclidean space

(4.27) fiitij = (V)2

(4.28) fiifig = 1H |1,

(4.29) faffife = (V) H (V£ ),
(4.30) fiiftife = [HT (V£ 112,

where H/ (Vf,.) from (62) is the 1-form and takes a vector v to H/ (V,v). Also, given (59) — (62)
it is clear how scalar curvature of a graph has the coordinate-free expression

o e - 2L LI 2T T4
430 R= o (V0 1) wned .

Lemma 4.6. The scalar curvature can be rewritten as

R=V- (1 (fifj — fijfi)8j> :

1+ |Vf[?
Proof.
1 2f; fx
R TR VIR (fiijfj — fijfij — Ve (fii Lk — fijfik)) ;
1
=V <1+|Vf|2 (fiili — fifi) 3]') :

O

Lemma 4.7. Divergence Theorem Let (M,g) be a Riemannian manifold with boundary OM. Let

divg =: TM — R be the divergence operator ,i.e., divgr = Viz for vector field X = X* aii eTM.

Then fM divg X dVol, = faMX -vdA where v is the unit normal vector on OM

sl
N

FIGURE 4. Riemannian manifold with boundary 0M
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Proof of Theorem ??. By definition, the ADM mass of (M™,g) = (R™,§ + df ® df) is (4.1)
. 1 1
mapu = Jim s | e ads = fuf) S
Now applying the divergence theorem in (R™,§) and use Lemma (4.6) to get
1

1
mapm *m /n V . (1—}-’V‘f|2 (f”f] — fz]fz) a]) dVolg,
since dVoly, = v/det gdVols = /1 + |V f|?dV ols
1

MADM =

— R dVol
2 (’I’L — 1) Wn—1 JRrn 0t9

Rg
Y I E— A
rr /14 [V []? g

thus we can conclude (4.2) is true, and the PMT is valid.

13
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PART 1II
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5. AsYMPTOTICALLY HYPERBOLIC (AH) MANIFOLD

5.1. Hyperbolic Space via AdS/CFT Correspondence.

time anti-de Sitter space
conformal

boundary

wiki/AdS/CFTcorrespondence

Anti-de-Sitter(AdS) relates to a hyperbolic spacetime. The related spacetime’s energy can be gener-
alized with a negative cosmological constant A. Conformal Field Theory(CFT) relates to studying
certain symmetries (hence "conformal") that are involved in studying the forces of nature (hence field
theory). Ads/CFT correspondence is a useful property that allows for previous calculations in quan-
tum field theory to be solved using works from general relativity and vice versa. The picture above
is a visual demonstration of the distance between points in hyperbolic space. Notice that squares
and triangles are bent: in Euclidean space they would not be, and this is primarily due to a negative
value for A. Dimensions in hyperbolic spaces can be viewed as "stacked" on top of each other.
With this in mind, the graph as seen (1) of an asymptotically hyperbolic manifold is
Y= {(z,5) € " x R|f (z) = s} = F~1(0)
with decay property g = b+ O (r*(”*l)

decay

RO " M = {(z, f (z)) € R*"1}

(®1,5) (R™, 5,,)

FiGUuRE 5. Graph of Hyperbolic graph
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dr?

T2

5.2. Total mass of AH Manifolds. As shown here[| the metric of hyperbolic space is b =
r2g.2. The total of (M, g) is defined by
massag (g) = lim / (\/ 1+72 (divbe - dtrbe> + (trbe) dV1+r2—e (Vb\/ 1+72, )) (vr) dSy.
r—>00
Sy

for which massag = m.

Proof. To compartmentalize mass g
1
massap(g) = le Ton / <\/ 1472 (divbe —d trbe) + (trbe> dvV14+r2—e (Vb\/ 14172, >> (vyp) dSy.
r—00 T Js,
I will label the following M, W, X, Z, B, and show that only M remains

1
massap(g) = lim / V1472 dwe (vr) \/1+r2dt7“e (vr) +t7‘e Uy d\/1+r2
Sr

r—oo 1067

+utrbe dy/1+12—e (Vb\/ 1472, I/r) dsS,.
Z

B

To start, we will calculate the chirstoeffel symbols
7,
1

:gbrm (arbrm + 8T’brm - ambrr) )

brr (8 b’r‘T’ + 8 brr - 87“()7'1“) )

oo ((25)

=5 07 (G ).

T
142
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1
00 :ibrm (9o6brm + oborm — Omboe) ,

1

__— ré .
=3 bo (Opbgo + Opboe — Orbrr) ,

1
+ =b"" | Opbor + Ogbor —Orbgo | ,
2 0 0

—1 T
= 0" (3rbos) ,
—1
::43?7(1 +7%) (2r),
= — (r + 7“3) .
T 1 T
o6 =50 (Opbom + 0pbom — Ombao)

1

Ly _
?%X%%+%% Opbag)
1 rr

+=b 8¢b¢r + 8¢b¢r —0rbgy | »
2 0 0

-1
=V (D),
:_71 (1+7r?) (2rsin®9),

= — (1 + r2) (27“ sin? 0) .

17

Before calculating the individual components, let us first calculate key variables that will be used
throughout to avoid repetitive display

(5.3)
bm":(l—i—rQ).
1 1 —2m _6
Crp = 1+r2_2ﬂ_1+r2 ~ 7"5 +O(7’ )
r
-1 2 1 10 ~
Orerr = 5 (27"—1— ?) +722-(2r) %—gn—i- O(’I”_G)
1+r2_27m r (1—|—’I“) r ——
r
2
— 2r+—m (1+r2)
? (2r)
brra'r'e'r'r: T . I .
(1+ ) 2m> (1+72)
r2_ 2

some variation of O(r—9)
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As for components from the labels M, W, X, Z, B, we will make the final calculations easier to read.
Starting with X and Z’s (d\/l + r2> Uy

(57) vy = (VIT79).
=1+ 120, (\/1+r2>,

(5.4) vr ,
=VItrg (140%) 2o,
=r.

As for part of label B

e (VVIT+2 1) et (0,/T+72) (VIt2),
= (L+17) (W) (8,«\/1—1—77“2) :

1
1 1 1 -=
= 2 _ 2) | = 2\ 9
(5.5) (142 NP TR e (Vier) 50+ 22r],
T
1 1
= — 1+17%).
Lyg2_2m 1402 () (147
Now for part of X and Z -
tr? e =b"e;j,
:brrerw
1 1
_ 2 _
T
1 2
——— L
1472 ——
r

Now for a part of W
d try e (vy) =vptrype,

1 2
igaa, [y

1+r2—2—m
r

2 2
2r 1—|—r2——m —(1—}—7“2) 2r+—m
r 72

2
1_}_7«2_277%
T

=1+ r?
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With those out of the way, see that with label X +label B -using (5.4), (5.6), (5.5)- that they equal
Zero

trbe-<d\/l—|-77“2)ur—e<vb\/l—l—7r2,w>: 7(1—1—7’2) -1 (r)— 7(1—1—7’2) -1 (r).

1+T2_2ﬁ 1+T2_27m
T T

=0
Also see that with (5.4), (5.6) that label W+ label Z equal zero

—dV/1+ r2utrbe + /1 + r2upd trPe = — dv/ 1 + r2uptrbe + V1 + r2u,trle,
2 2
(1 +r? — m) (2r) — (14 r?) <2r+ m)

r r

2 )
1—|—7‘2—2—m
r

<1 + 72— 2;”) (2r) — (1+7?) <2r+ 2;”)

2m\ 2 ’
G+ﬂ_ﬂv
T
=0.

Now for label M see that we get the final result of m for massag. Let us break this down to the
components

=— (1+7r?)

+ V14172

div’e (V") = /1 +r2div® (8,) = V1 + 72 | b7 Orepy — (bMFZT + %15, + b¢¢F;¢> err — 0T ey
——— ————

G ‘]\2 Y

Distributing out M with the outer components

1 1
[ ViV (b“"r;:r 4 b00rT, 4 b¢¢F;¢) rrdS; =1 / (1+7?) (b’“rrgr 4 b00rT, ¢ b¢¢1“;¢> errdS),
Sy Sy

1
leaving out 3 and substituting in (5.1) and (5.2)
1

s ). 0+ (777, + 6Ty + 6T, ) errdS),

1 r 1 1 2m
:8m+ﬁ)(Lw%<1+ﬂ>+2@w—ﬁﬂ-pﬁ—ﬂ)<—ﬁ>xmﬁ

s T r

b'rrl"ar 690[‘79“0 bGGF;(j) ey
—r(r+1) —rd—r 21
—2mr2(rt+1
( + ) ( r2+1 + r? + r

275
n

If we cancel -2 and for all exponents, a—m = a" "™ applied is
a
—r (r2 + 1) —r3—r —r2-1
+

—2mr?(rf+1 +
mor® (r )< r?2+1 72 r ) s r(rr+1) -3 —r 21
=-—mr 2 (r*+1) - + + .

275 r2 41 r2 r
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. . -r (7“2 + 1) —r (r2 + 1)
Cancel common terms in the numerator and denominator of ———* where ————% =
rZ 41 rZ2 41
r24+1 o )
—r = —7is
r2 +1

3 2
9 —r°—r  —r‘-1
39 r(r2+1) 3 —r 21 m(r +1)<r+ 72 + r )
—mr (7" +1) T2 + -3 + . .

3
3 3 3
—r° —r —r° —7r T r
E —  wh L
Xpress 2 where 2 273
3 2
. 9 r r —rc—1
m (r? +1) <;’”i71 + =" = 7’) m (r? +1) (—r + <_r2 1"2> , )
o 3 - 3 )
1 —r?—1
2
N[ —r=Z= —
m(r + ) ( r " + (—7) . )

73 L
1 1
m(r2+1)<—r—r—+<——r>>
_ r r
=— = ,
1 1
m(r2+1)<rrr>
_ o
=— = ,
m (r? +1) 11
-2 e (4-1).
1 1
m <—3r+ <— — >) (T2+1)
_ ror
=— = ,
m 737“7g (T2+1)
_ T
=— = ,
2
:_@3 —37“3—57‘—),
T T
2m  5m
_r4+ 5 +3m

1
Putting back 3

3

2 —r2-1 | —r3—
7m(r +1)(T7‘ + rr2T_T)_2m 5m  3m

3 T oty
Now for Y we will see that it with its outer components equals —5 T 3,2
,
1 1 1
“6r /s (L+7) T}, enrdS, =5 (_&r/s (1+1?) bT’“F,’Z,,e,,rdST> :
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1
Momentarily we will leave out 5

1 1 T —2m
(_87r /Sr (1+1?) b’"’"l“ﬁrerrdSr) =% (L+7%) (-1-17) <— T r2> X —5- X 4@%

brrx —1 r’\\:érr der
_ @) m (P 41) (- 1)
T 2(r2+1)rd '

—2m (1) (7“2 + 1) (—r2 - 1) 72
(r24+1)r®> x 2

Cancel common terms in the numerator and denominator of

8i7r (1 +T2) (—1 —r2) <—1 —:T‘Q X % X 47TT2> ,
- (2r) m r? (7’2 + 1) (—7"2 — 1)
2(r2+1)7r° ’
- (2r) m r? (7’2 + 1) (—7"2 — 1)
2(r2+1)r° ’
~=2(=m)r % r? (=t —1)
2r5 ’

Divide -2 in the numerator by 2 in the denominator

—(2r) m r? (r2 + 1) (—7“2 — 1) _mr X 2 (—7“2 — 1)

2(r2+1)r° 7P ’
=mr 2 (—r2 — 1) ,
—mr? —m
. 1
Putting back 3
1 —@r)mr2(r2+1) (-r*—1) m m

_§X 2(r24+1)7r° T 9 T 92
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Now back to original equation, we finally see that massany equals m.

lim L /S,, (\/ 1+ 72 (divbe —d trbe> + <trbe) dvV1+r2—e (Vb\/ 1472, )> (vy) dSy,

r—oo 167

= lim V1 +r2divde (1) — V1 +72d trPe (v,) + trle - v, dy/1 + 12
M W X

r—00 S
r

+utrle dy/1+12—e (Vb\/ 1472, Vr) ds,,
Z

B

2m bm 3m m m

=gttt Ty e AL AL |
w X Z B
M
| 3m m
“l2 2
M
_2m
=5
=m.

5.3. Graphs in Hyperbolic Space.

Theorem 5.1 (PMT for graphs over Hyperbolic space). Let f : H* — R be an asymptotically
hyperbolic function. X in H* T with induced metric g. Then

VIRg+n(n—1)]

5.7 MAasSAH :/
( ) H’IL\Q 1 + V2’df’2

5.4. Proof of PMT for Graphs over Hyperbolic space. For the following set of calculations,
I will first compute christoffel symbols of b. Using this I compute second fundamental form of ¥ in
H™ 1. 1 compute the mean curvature of ¥ in H"*!, using Gauss (3.17) and find scalar curvature ¥
in H"*t! and use divergence theorem.

Voly.

First, for computation for the Christoffel symbols of b on H" 1, let’s denote 4, j as a € <0, 1,...., n>
~—

i?j
with the metric tensor

b =b;;dr' @ da’ + V3ds ® ds + bipdx’ x ds,
_ ) ) 0 0 i d _ 0

b _g0i 9 —2Y o9 v
b b 8xj®8xi+v 8S®8s+b 8xi®85.

(5.8)

Visually the II fundamental form in this case is And we can see in II fundemental form that T,
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FIGURE 6. Visual of II fundamental form of Hyperbolic space

equals zero

™ = %B"“ (Bobao + Dobao — Daboo)
= 5% (@b + Buboo — Bubi) + 5B (Db + Dobio — Dibuc).
= 2 (V72) (0oboo) + 5 (0) (8B + OB — )
=5 (V) (07),
_ % (V-2) (0)
=0.

That ﬁ)o equals = —VV*V with ,V? = 0 because V does not depend on S.
=i 1—ia - - -
Foo = ib (aobao + Oobao — aaboo) )

1o o+ - - 1 o 5 = T
= ib (aoboo + 8oboo - 8oboo) + §b (8obio + 8obio - az’boo) )
1
= (0)+ 5 (1) (1072,
1

=-VV'V.

23
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— V.V .
That T, equals with 0; = V*

587 (0B + Dibio — 3bi0) + 5% (Db + Diboo — Dobic)

= 0)+5 (V) (@),

ViV 1
vz \2)

_ ViV (1) 2V
VvV o \2) VvV’

That f;o equals zero

jo = o

1oii -
(8 boj + Oiboo — Dobjo) + 5b (Dobij + Oibio — 9ibjs)
= (0) + 5 (1) (05 (0) + i (0) = 9; (0)),
=0.
That F ; equals zero.
—o  looa
Z] ib (8 baz+aba]_a blj)
100 _ 1ooi _ _
ib (6 bm + 0; boj 0, bij) + §b (ajbn' + 8ibij — aibij) ,
| 1 - — _
=3 (V72) (05 (0) + 95 (0) — 9, (0)) + 3 (0) (0bis; + Oibi; — Osbij)
=0.
—k Loki oo T - 1oki jnt T
That T; equals -b (9551 + 0;bij — O;bij) + 5? (95bji + ;b5 — 0;bij)
T = 50 (Oybui + O4bug — Duby)
1

ki o — _ _ 1-#;
*bk (@bn + alb” — 8Zbl]) + §bk (3 bﬂ + 0; b]] 0; b”)

Referring back to (5.8) if we exclude s-coordinate, then we see that

b= bijd:ni @ da? + Vs @ ds,
0
(5.9) b= b;jdr' @ da?

thus, ffj = Ffj the induced metric on X is given by
(5.10) 9(X,Y)=b(X,Y) +V>VxfVyf.
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Lemma 5.2. The second fundamental form S of ¥ given by

o 1 —o
S X,Y :TvifF,
( ) ‘VF‘ Y
(5.11) V2 VxfVyV + VxVVyf
= |vZ XY XY v df,dV)Vx fVy £ .
T VI xy/f v (df,dV)Vx fVyf

Proof. Note that for graphs F definition of second fundamental form in (3.15) can be represented as
a Hessian of F.
Vg F =V°F (X + Vx [0, Y + Vy [d,).
Distribute and associate V~ with respected dimensions
Vs F =VF (X,Y) + V' F (X,Vy f0,) + V" (Vx [0, Y) + VF (Vx 80, Vy [,)

=2 =2 =2 =2
ZVX7yF + vyva7aoF + VvaY7aoF + VXfVYfVXﬁOF.
We also see that

IR

ﬁ%,?F:X OvF | - Tf X'0yF—T9 X'VjF =T}
~~

—~— \ , ~—~—~
N —— e’ 1]
0
_ . —_ ViV
Vo, F=X|0,F |- T X10,F - T9, X'VjF = X2
’ ) S S~ 14
ViV 0
0 v
_ 4 — 1%
V2, F=Y |0,F | = 19 via,F— 10 vivir = 2V
ViV 0
0 %

Vi o, =X (80F) - T, Y'9,F—-T°, XVjF =VV'V.
’ ~~ — =~~~

-1 VViv -1 0

0

Now going back to (5.11)

o, 1

S(X,Y)=VegF = — (VxVyf+
( ) XY \VF\< xVyf

VxfVyV 4 VxVVyf

% % + VxVyV (df, dV)) ;

1 VxfVyV +VxVV
s Vi 4 Iy av) v

1+ V2|df2 {

V2 VxfVyV +VxVV
e [Vt 4 LRIy av) 09y

1+ V2P
O

VxfVyV +VxVVyf
Vv

Vi S+ LV (df.dV) vvayf} ,
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Next, we want to compute the mean curvature which is the trace of the second fundamental form.
So we need the inverse metric g~ 1.

df— 8f

g= gijdx 'da! = (bij + VZViijf) dz'da?

ijdxi,

gLy VIV
(5.12) 1+ V2|VfIZ
. ‘ Lor
e 1] _
where V'f = ¢g”V, f = g (‘9X

We compute the mean curvature of X

Lemma 5.3. The mean curvature of graph is

— 1 V2 (Hess f,df @ df) 1 av
"o A= (U ) ()

Proof. Substituting from the definition of mean curvature (3.16) and using (5.11) and using g* from
(5.12) as a reference for g% then

H g S’l]7
1 (bij ) v2vifvjf>
v 1+ V?2|df|?
ifV;V V'V
-[Vivijrvaj Ay g avy v,

av 9
— A7 2 )+ V vy

V2 ) av — av
- TrvagE <<H £, df © df) + 21df] <df,v>+v df| <df,v>>],

1T 2 (Hess f 2 21df 12

N N V< (Hess 2,df<§2©df> n +V2\df\2 <df,dv>],
V| 1+ V2|df| 1+ V2|df|
1T V2 (Hess f,df @ d 1+ V2|df|? 1 av

_ L are <esséf<§> f>+ + 2!f!2+ Va2
V| 1+ V2|df| 1+ V2|df2 " 1+ V2|df] 1%
1 V2 (Hess f, df ® df) 1 av

= A - 1 - ——— d —— .
NEEEEE +< +1+v2|df|2)<f’ V>]

5.5. Norm of II fundamental form of X.

Lemma 5.4. The norm of the II fundamental form of ¥ is given by

2 —V? av dv \ 2 av
S|l=—>——=||H 24 2ldf 2| —= + 2 ( df, — VA4df|*( d
1= 1y [1Hes 122 2 (a5 v (. )

)

+4 (Hess f,df ® df) + 2V?2 <df, ag/> (Hess f,df ® df) +4V?|df|? <df dV>
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4 d 2
(1+J;/22‘I/df|2)2 !IHess FOVE P+ 1+ V2Idf ) <df, ;/> |df |
av

+|df|4\d7V\2+2(1+V2]df]2) Hess f(Vf,Vf) <df’V> B

9

2
+ 2|df|? <Hess LVf® VVY> + 2 (14 V2|df|?) |df | <df, d;/>

V2 V2 (Hess f,df @ df) 1 ) aV\ 12 }
_1+V2ldf|2{ 1+ V2|df 2 +<1+1+V2|df|2‘/2> |df | <df,v>] . ()

Proof. To begin with, we know the normalization of II fundamental form is of the product of the
inverse of the induced metric times the the second fundamental form, as follows
2| _ ik jlG T
15,1 =9 g7 S Sk,
where (5.12) is substituted in and the following components are broken into three parts
2wi £k 2vj £l
=2 .  VNVUVEf RN VA VAL B VAN i
=" — ) (V= ———— ) S Sk,
5l ( 1+ V2|df|? 1+ V2]df2 ) "M
= = V2pkVIfVLf - VAVIINVI VRV
=b"* 'S Sk — 2% ikl ! 2f QfQ ! ikl
(5.13) 1+ V2[df| (1+V2|df[?)
o VARVIFVLF . (V2S(VE V)
~ B~ 2 e B+ (e
~— 14+V ‘df| 14+V |df|
A Vv
B @
The calculation is rather complicated so it will be broken into three parts:A,B,C

A = 51T,

using what we know about Sj;

.y 1% VifViV +VVV,f
_ ik gl 2 J J df. d ; .
A =b*p <1+V2]df]2 [meJr % +VA{df,dV)VifV;f| |,
. Vv [ 9 n VifViV4+ Vi VV,f
VI+ V2R [ 4
V2 Vi f (VefVIV + Vi VY f)
1+ V2|df? 4 ’

LV (df,av) kavlfD ,

=0 Vi Vi +

1
+ V3V Adf,dV) VSV + Vi (Vif ViV + ViVVLS) v

+ (ViijVkaVlV + ViijVVkVVlf) ,
1
7o

V2V (df.dV) VifVif 4+ V (dfdV) VSV f <
(V. dVY Vi) (V (df, dV) Ve V)],

+ ViVV Ve fViV 4+ ViVV; VLV VL f)

VifViV + VkVVlf>
V M
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distributing b**b/! with its respective Laplace

v? ViVif (2VifViV)
A=——+—— |V, V, VLV
TrveaE |V IVEVIE + v

4 VT CVIVT) 4 (49, 19,950 V1) oy + VeViIV (df, V) Vi f Vi

V2
+ VA{dfdV) ViV, f

+VieVifVAdf,dV) Vi fV. f

Vif Vi fVV)
Vv

+ (Ve fViV + Vi,VVf) % -V Adf,dV) Vi fVf + (V (df,dV) kavzf)ﬂ ,

rearranged we get 9 components separated by plus signs

V2 Hess f(2dfdV)
A=— " ||Hess fI>? + — 22" ) | Hess £ V (df.dV) |df|?
1+ V2[df[2 [Hess f°+ % +Hess TV (df, dV) I
2 Is Is
Hess f (2dfdV 1 v
Is I fa Ig

+ (dfdV + dfdV) % SV Adf,dV)|df | + (V (df,dV) ydfy?)2 .

I7 T9

Observe that o
V2 <dfuv> - V<df7dv>7

df|? = df @ df.
Now we expand I}
1 dv\? av\?
I = — (4]df|2dV?) .= 2|df|? | — 2 — ) .
1 Vz(‘df’dv) ‘df’<v)+ <df7v>
| —

I
Next, Is + I, is as follows

I3+ Iy : Hess £ V{(df,dV) |df|* + Hess f V {(df,dV) |df|?,

I3 and Iy

= Hess f V? <df, dg> |df|* + Hess f V2 <df, “i/v> \df|?,

= 2V? <df, d“//> (Hess f,df @ df) .

Similarily Is + Ig is
%

d d
Is + Ig = Hess f<2dfv> + Hess f (2df‘j,/>,

Is and Ig
av dV
2 <Hess f,df ® V> + 2 <Hess f,df ® > ,

Vv
dVv
4 { Hess f,d — ).
<ess,f®v>
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Finally, I7 + Is + Ig can be rewritten as
1 dav
I+ Is + Iy = (dfdV + dfdV) v V{df,dV) |df|2 + V (df,dV) |df|2(2 <df, V>>

17118
+ (V (df, V) |df?)?,

Iy

2
=22 (a0 ) P2V av P (4, )+ (v vy )’

2 2 2 4 4 av ?
— AV df, av)? + V| (df, T
Combining I + ... + Iy we have

V2 dv dv\ 2 dV\ 2
A= | [Hess 12 +2df 2| S 2 + 2 ( df, S Yaf|* (df, -
T+ V2P [Hess £” -+ 2[df [*| - *[ + 2 { dfs 77 ) +V7df[" (df, 7

12

11 IQ

2
+4 <Hess f,df ® d;/> +2V2 <df, Cg/> (Hess f, df ® df) +4V?|df|? <df, Cg/>

Is+1Is Is+14 Ir+ls
Now for the B component

—2V2pk _
— 2 7 \ifg.v!
1+ VQ\dva fS@]V J Skt
—2V2pk _
=2 7 Iifvlifs..
1 +V2‘df‘2v IV £SiiSh.
Using Lemma (5.2), the (5.2) implies that substituting S;; Sk for (5.11)
—2V2pik 1 VifVifV+V,VV,f
B=——_"_VifVlf— |V,V, e L) df,d j
1 kaVlV + VkVVlf
o | VeV E + V{df,dV) Vi fVif| .
’VF’ KV 1% < f > kfVif
Expanding out B
—2V2%pik . 1 (ViefViV +ViVV,.f)
= ViV AV . kI Vi KV Vi
1+V2\df\2v AY f|VF‘2 [Vlvjkavlf‘i‘vzvgf %

+ViVfVAdf,dV) Vi fV. f
1
+ (ViijVkaVlV + Vz‘ijVVkVVlf + ViVijkale + ViVijkaVlf) V2
1 1
+ (VifV;VVEVLf) v (ViV;fViVif) v
+ (df, dV> VifVif (ViijV + ViVij) +V <df, dV> Vl'fv]'kavlf

(Ve fViV + Vi, VV,f)
Vv

+V (df,dV) Vi fV;f + VA{df,dV) V (df,dV) Vi fV; fVLVif].
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, 1
Distributing V7 f V! f Nk and labeling components by the letter J

-2V 1 (VifViV + V,;VVif)
= ViV 4 VeV VY J
1+V2|df|2|VF|2 kIVif ljrjf J 1f + VifVifVi ]f Vv
J1 7
AV VRN PV (df, AV Y VL f

J3

1
+ kavlf (kaVjVijle + kaVjVVjVVlf + VkVijijVlV + VkVijVjVVlf) W

Jy

FVLIVU (VAVIVY,V00) 1 + VAl O (V90 Y,V V)

Jg J3
+ ViV df,dV) Vi [N (Vi fNV + NV ) + Ve [NV fV(df,dV) ViV VRV f
Jy J3
(VifViV +ViVVif)

+ Ve NV AdS,dV) V{df,dV) Vi [NV Vi VR

/

+V NV fVAdf,dV) Vi fVif %

Ja
Now for calculating each expanded component, first we expand J; by the definition of hessian from

from (4.30)
J1 = Vi fVifVV;fV;Vif,

= ViVifVifV;V;fVif,
= Hess f(f,-)Hess f(f,"),
— [Hess £(f,-)
Now for component Jo, we will distribute and again use (4.30) as a substitute
V;fViV+V,VV
Jo = kavlkazvjf( AL ;; VL) ;

N\ ATA AT G

= (Ve fVifVeV,fV;fVV) %

1
Distributing —
v

1
V’
= (|Vf]? (Hess f,df ® VV)) % + (|V£|? (Hess £, df ® VV))

1
= (IVkf ViV V19V 2+ (IVRf VIV V5190V
1
V7

Using the definition of Hess

=2 <\Vf|2 <Hess f,df @ VVV>> .
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Now for J3 components we will again use (4.30),and then redistribute
J3+ J3+ J3+ J3 = kavlkavjfv <df, dV> ijvlf

FVIV (VS VVY;V)

F VI (VY o

+ Vi ViV Adf,dV) Vi fVifVEV f,
= |df|?V (df,dV) Hess f(Vf,Vf)

TV
rewritten in coordinate-free notation

+ Hess £(Vf,Vf) (2 <dfad‘jv/>>
+ Hess £(Vf,V.f) V {df,dV) |df|?,

= Hess {(Vf,Vf) & <df7 d“//> |df|2

+ 2Hess £ (Vf, V) <df, d;/>

+ Hess £(Vf, V) VZ(df,dV) |df|?,

= 2Hess f(Vf,Vf) V? <df, d‘y> |df|?
+ 2Hess {(Vf,Vf) <df, d“//> ;

=2 (1+ V?|df|?) Hess  (Vf, V) <df, d“;) .
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Now for Jy components, we add, distribute and fit some elements into a quadratic form to match the
final answer later

1
Jo+Ji+ Jy =V fVf (kaVjVijVlV + kaVjVVjVVlf + VkVijijle + VkVijVjVVlf) W
VRSV (V) V5 VRS (VY + V)

R AL CALES AT

+ Vi fVifV (df,dV) V <df7dV>V'szijkaf>
=V fVif (AVfV;VVfViV) — Vg
+ Vi fVLf 2V VeV df,dV) Vi fVif)

F VIV (VYY) V (. dV) Vi VeS) 5
+ ViUV, dV) VPNV VS,

=3|df | <df, dv> + |df|? <df,d‘y>25plit 4 — 3+1
v (a5 )
ey (. )
2
v (4.5 )
<o (4.5 ) e (.5 v (a5 ) e (a9

v \?
APV (. ) 1P

2

2

2
=slaf? (ar, ) o+ (2 vary ar (ar, )

T olafPyv? <df, > afP,

2

2
=3|df|2<df,¥> + (1+V2|df|)2|df|2<df,dvv>

squared form

2
T 2lafPv? <df, dv> dfP,

d d av\*
o (a5 ) 1 (a0 0 v (.9

split 3—2+1

v \?
APV (. ) 1P

Cotaez /e dV\? s /e AVN\Z
= 2P (. )+ 2 (an )

reordered
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2

2 v \* 2 2 1012 av
w1 () o+ (v e ()

2
=2 (1 V2IafP) afP (ar, )

Factored out |df|? <df, ﬂ>2
v \?
war (95 50) e v e (a4

=2 (1 + V2[df[?) |df|*  df, >
\YAYAVA4

2
v (58T (v (.9 )
=2 (14 V(dfP) Idf|2<df, >

2
PP + (L V) (a5 )

Vf rewritten as df

2
=2 (1+ V2|df|?) |df|? <df, Cifv>

dv dv \?
+ [df 1|51 + (1+V2ldf|)2|df!2<df,v> :

All together we get our final answer for B

-2 1
T 1+ V2|df|2 V)2

2
(Hess £(7,) 2 +2 (1+ V2[af?) |af? <df7 dv>
Hess £(£,) 2 v

1 v~

Ja

2
PP (L V) () 2 (4 V) Hes £V £.90) (a5 )

Ja+Js J3

+ 2 <|Vf]2 <Hess f,df @ VVV>>

Jo
Now for the C component

(VIS (VYN
(v



34 POSITIVE MASS THEOREM: UNDERGRADUATE FRIENDLY MONOGRAPH

using (5.11)

4
C = 4 4 VifV;ifViV;f

(5.14) (1+V2[df[2)* | \/1+ V2[dfP?

. . . ; :
+vlfvjf(‘2/V1ijV) + VifVifV(df,dV)Vif Vi f|

Distributing out the square, we will break down the calculations for (C) as Py + P+ Ps+ Py + P5s +

P+ P;+ Py —(|)— Py
Vv 1
:W ViV fNNGINGENGINGN G+ ViV VGV VGV F(2V fVV) v

P }g
+ VifV ViV NV fV fV (df,dV) Viij]i
Ps

FVV QYY) VIV VIV 4 Vil V5 QViVV) SVif V] (2Vif V1)

P7 P4

+VifV;f (2ViijV) %Vifvj‘fv (df,dV) VifV;f

Py
+ ViV fVAdf,dV) Vi fV; Vi fV; fViV 5 f
P
FVLVV V) ViV VY (Vi V5V 1

Ps
+ Vif ViV Adf,dV) ViV ViV VA, dV) Vif Vi f] .

Pes
First for P; we substitute using (4.30)
P =V, fV;fViV;fVifV;fViV;f,

= (Hess f,df ® df) (Hess {f, df ® df),
= | (Hess f, df ® df) |?.

For P, we substitute using (4.29)

1
Py = Vif VifViNifVifVif @VifViV) 17
= 2|df|? (Hess f, df ® df) <df, d‘f>
For P3; we distribute around and then substitute using (4.29)
Py =V, [V ViV [NV fVAdf,dV) VifV;f,
av
= VT VP ().

= (Hess f, df ® df) V?|df|* <df, Cg/> .
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For P, we do a simple redistribution

Py = VifVf QVifV3V) VSV (2VifV,V)

= 2|df|? <df, d‘y> 2|df|? <df, d“//> ;

2

1
V?

av
= 4dfl* (df. 57

For Ps; we do a simple redistribution and split the product into two halfs to match one of the
components for C' final answer

Ps+ Py =V, fV; fV (df,dV) Vi fV; fVifV; f (2VifV;V) L

|4
+ ViV fVdf,dV) Vi fV ViV f (2VifV;V)

dVv dVv

— 4P {ar. 5 ) vIarPlar {ar, 5 ).
dV dVv

= 2P (a5 ) VAP ()
dV dVv

w2 (ar, ) VIarPlar? (af, ).

For P we do a simple redistribution
Ps = ViV fVAdf,dV)VifV;fVifV; fV(df,dV) Vi fV;f,

V214121512 AV \ U9 02y 02 av
= VPl (ar, ) VA (a5 )

1
V?

av\?
v (a5 ) -
For P; we do a simple redistribution
1
Pr =VNifVif @VifViV) Vi VifViv;f,
dv
= 2|df|? <df, V> VifVifViV;f,
d
— 2ldf? <df, “//> (Hess £, df ® df) .
Py will be distributed and use (4.29) as substitution
Py = ViV fVA{df,dV)VifVfVifVifViV;f,

%
V,;=df and distributing in —

av
= VAPl (41, 5 ) Vir V9950

using the definition of Hess

= V2|df|* <df, d“//> (Hess f, df @ df) .
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Going back to (5.14) and substituting in P; — P
d
V42|df|? (Hess f, df ® df) <df, “//>

o V2 V4 (Hess f, df @ df)?
L+ V2Idf> | (1+ V2[df]?)’ (1+V2|df|?)?
P P

2
V4 (Hess f,df @ df) V2|df|* <df, d;/> AVAdf|* <df, Cg/>
_'_

(1+ V2|df|2)? (1+ V2]df[2)?
(5.15) dv ; dv ; dv\ 2
4 2 av 2 2 2 oV 47741 ,7£18 oV
v (at. 5 ) viariare (ar. ) Vv (.5 )
(1 + V2[df|2)* vy
P5 Pﬁ
V42|df]2 <df, ag/> (Hess f, df ® df) V4V2]df]4 <df, d‘E/> (Hess f, df ® df)
i 1+ V222 i 1+ V222 |
Pr Ps

4
1+ V2[df 2
V4 (Hess f,df @ df)? <V2 (Hess f,df ® df>>2
1 - (1—|—V2|df‘2)2 1+V2‘df‘2 )

putting all the components together and distributing adding the components together

V42|df|? (Hess f, df ® df) <df, Cg/> VA42|df|? <df, d‘i/> (Hess f, df ® df)

ot 1+ VI ! TEREITiEE
VA4|df |2 (Hess £, df & df) <df, d;/>
- (1+ V2[df[2)? ’
av av
V4 (Hess £, df ® df) V2|df|* <df, V> VA2 gf|t <df, V> (Hess £, df & df)
P;+ Py +

(1+V2[df?)?
dv
2VAV2|df |* <df, V> (Hess f, df @ df)

(14 V2|df|2)?

)

(14 V2|df[2)?

dv\ 2 dv\\ 2
4V df|* <df, v> <2V2df\2 <df, v>)
Py —

(1+V2ldf?)’ (1+V2ldf?)°
41741 7718 av 2 41 7p14 av ?
v (a5 ) (v (a5

_>
(1 + V2|df[2)? 1+ V2|df[?

)

Fs -
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With these modifications we see that C equals

B V2 <V2 (Hess f, df ® df

(14 V2|df|2)? L+ V2|df|?

>>2 V4 (Hess £, df @ df) 4|df |? <df, ‘ﬁ/>

(14 V2|df[2)?

Py

_|_

Py+Pr

2
2V* (Hess £, df ® df) V2|df|* <df, ag/> (2’df‘2 <df’ dxy> V2>

(5.16)

_l’_

_|_
(1+ V2| (1+v2 @)’
P3IP8 >
av av av\\*
i (a5 ) v (a5 ) ) (viare (a.57))
(1 + V2 (df)2> (1 + V2 (df)2>2

Ps

We can simplify this further as

2 2
(5.17) C— |4 V* (Hess f, df ® df)
14 V2|df|? 14 V2|df|?

Ps

1 AN &
= (1 ) ViR (7))
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Proof. Notice that working backwards from (5.17) leads to

V2 V2 (Hess f, df ® df) 1 av\1’
C = ’ 1+ ——— | V2|df 2 { df, —
rrvaae | et (1 rrvee) Ve )]

dv\ 12

2 2 2 -r
v V2 (Hess f, df ® df) (24 VZIdf[?) |df | <df’ V>
14 V2|df|? 1+ V2|df|? 1+ V2|df|? ’

av

2 av 2
_ & V2 (Hess f, df ® df) 2ldf] <df’ Vv >V
T (1L+ V2dfP) 1+ V2]df? 1+ V2dfz

av dVv av
V2l <df,v> V] v e tar o gy 247 <df,v> Vv <df, Y%

v 1+ V2[df]2 1+ V2[df 1+ V2[df P2

o VA4 (Hess f,df ® df) 4|df|? <df, d‘y>

B V2 (V2 (Hess f, df ® df})
(VAR L+ V2[df? EREITEL
Py P+ Py
2
2 (tess £, 07 @ df) V0af* (ar, ) (2t (a5 ) v?)
+ +
(1 + VQ’df‘2)2 (1 + V2 (df)2>2
Pyt P
Py
2
i (ar G ) vt (a5 ) (v (0. 5))
+ + ’
(1+v2?) (Lv2an?)’

Ps

Ps
which is identical to the (5.16), thus the previous calculation can be simplified as

V2 V2 (Hess f, df @ df) 1 o dv\ 12
- 1+ —— ava e
¢ 1+V2df\2[ VI +< + HVQW)V ] <df, v >]

Putting A+B+C together we get \?\3 O
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The mean curvature and second fundamental form of a graph serves in the following equation for
Y scalar curvature )

=2 5 \%
o —|S; TG [(Af)z — |Hess f|* +

2V
1+ V2]df|?

2 av 2V2 av
+ (2—1— 1+V2df‘2> Af <df’V> ST (Hess f, df ® df) <df7V>

2 v\ 2 av 4
e \ Y - dfA=P - —— (" f.d d
+ 1+ V2|df|2 < f, V> 1—|—V2|df’2| f17 V| 1+V2|df|2< ess f, df ® df)

(|Hess f(Vf,-) | — Af (Hess f, df @ df))

Proof. Using Lemma (5.3) and Lemma (5.4), we take the trace of the Gauss equation for ¥ (3.17),
and arrive at the following curvature Ry of " - 1S]2

v V2 (Hess f, df ® df) 1 av\1?
‘1+V%W2Pf_ [EREITE '+O+1+V%WQ<W’VH

V2 dv dv\ 2 dv\ 2
— ——— ||Hess f|*> + 2|df|?| —= + 2 { df, — VA df|* ( df, —
v | e 0 2P 2 (0 ) v (.

2
+ 4 (Hess f,df @ df) + 2V? <df, dVV> (Hess f,df ® df) +4V?|df|? <df, d‘y>

: 2
+ (1+‘2/‘2/|df|2)2 [\Hess £(Vf,) ]+ (1 + VQ]df]2)2 <df, cg/> df |2

+ \df\4|g!2 +2(1+ V3df|*) Hess £ (Vf, V) <df, 06/>

2
+ 2|df)? <Hess £Vf® VVV> +2 (1 + V2[df|?) |df | <df, d‘y>

V2 V2 (Hess f, df ® df) 1 oy dv\ 12
o 14+ —
1+ V2|df|? [ 1+ V2|df|? + ( + 1—|—V2|df]2>v |df | <df’V >] )
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2 2 (Hess f,df ® d 1 dv\1?
factor out —— and distribute {Af— VEHess bdf @ df) <1+1+V2|df|2) <df,vv>]

1+ V2|df|2 1+ V2df |2
V2 2AfV? (Hess f, df @ df) 1 av
S — VNN . ) ANf(14+ — &7
el I N vagE f( e v2rdf2> <df’ G >
' Va V3
V2 (Hess £, df ® df)\° 2V (Hess £, df @ df) 1 dv
+ - 1+ —— ) (df,—
1+ V2|df|2 1+ V2df ]2 1+ V2df ]2 %
‘Z Vs

1 dV\ 2
(4 rvae) (0 7))

Ve

d dv\? dv\?
— | |Hess f\2+2ydf12]“//]2+2<df,;/> + V4 df)* <df,vv>
Vio v
11 Via Vis

2
+ 4 <Hess £ df ® Oi‘//> +2V2 <df, Cg/> (Hess f, df @ df) +4V?|df|? <df, d&/>

Via Vis Vie
212 2 dv\? av
+ 5y |[Hess £(V ) P+ (L V2AfP) Cdf, <= ) 1df P+ |df)* | =
1+ V2df)? | —~—— \% \%
Vir ~ S———
Vi
V18 19
9 1012 dv
+2(1+V\df\)Hessf(Vf,Vf) df,7
Vio
d 2
+ 2|df|? <Hess f,V® VVV> 2 (1+ V2|df|?) |df|? <df,‘ﬁ/>
V21 V22
o 2V (Hess f,df @ df) |df|* { df v
V2 (Hess f, df ® df) N ’ % 1+ 1
1+ V2|df|? 1+ V2|df|? 1+ V2|df|?
V7 V8

1 S dv\\?
(o ) vt (7))

Vo
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For V19 and Vig and Vi3,

B av \? 22 o eon2 g /o dV I\
V12+Vls——2<df7v> +(1—|—V2|df|2)<(1+v|df|) ‘df‘ <dfav> )
—_——

Viz Vis

2 2
Vig + Vig = —2 <df, d&/> + 212 ((1 + V2{df|?) |df|* <df7 dvv> ) :

dv\? av \? dv\?
Via ot Vis = -2 (af, 0 )+ 2V (a0 )+ vt (an )

dv\? dv \? dv\? dv
V12+V18+V13:_2<df7v> +2V2df‘2<dfav> +2V4|df|4<dfav> _V4’df4<dfvv>7

Vis

dv\? av \ 2 dv\?
V12+‘/18+V13: -2 df? +2V2‘df|2 df7 +V4|df|4 df7 )
\%4 %4 \%
2 2 4 4 dv ?
Vio + Vis + Vig = (=2 + 2V2|df | + V*|df|*) ( df, 7 )
For V14 and V21,
dv 212 vV
— —4{ Hess t — NV —= (2]df)? -~
V14 + ‘/21 < €ss 7df® v >+ 1+ V2|df|2 < |df| <HeSS fa vf & v >>a

Vig Va1

d dV \ 1+ V2|df|?
rewriting —4 <Hess £, df @ 7‘/ — 4 {Hess f,df ® V> m

Vv
d d
Hess f,df ® ‘E/> — 4V2|df|? <Hess f,df ® “//>
1+ V2|df|?

212 \VA74
=2V (91df? { Hess £ Yy
+1+V2]df\2< |df | < ess I,Vf® v >>,

we see that

_4<
Vig+ Vo1 =

—4 <Hess f,df ® V‘;/> 4V2|df|? <Hess f,df ® VVV>
1+ V2[df? B 1+ V2|df|?

22 \VATS
2 [ 92|dfl? { Hess R
+1+V2!df\2(ﬂ < s hVIe >)

|4 Vv Vv

- 1+ V2|df]? a 1+ V2|df]? * 1+ V2 ’

—4 <Hess tEVE® V‘;/>

—4 <Hess f,df ® W> 4V2|df|? <Hess f,df ® W> 4V2|df|? <Hess tLVf® W>

1+ V2|df|?
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For Voq and Vis

22 9 1e12 dV
Vao —W <2 (1+V |df | )Hess £V, V) <dfvv>>7
Vao
4V2Hess £ (V £,V f) <df’ ag/> 4V4\df |*Hess £ (V f,V f) <df, ag/>
V20: 1+V2|df’2 + 1+V2’df’2 9
o 2V2
Distributing W
av\ (14 V2[df]?)
=4V ?Hess f — )
V*Hess {(Vf,Vf) <df, V> V2l

=4V ?Hess f(V f, V) <df, d‘y> ;
=2V ?Hess t(Vf, V) <df, d‘i/>
+ 2V?Hess £ (Vf,Vf) <df, d;/> :
9 dv
‘/20 + V15 =2V “Hess f(Vf, Vf) <df, V>
+ 2V ?Hess t(Vf,Vf) <df, C?//>

— 2V ?Hess f(Vf,Vf) <df, d;/>,

Vis

dv
Vao + Vis =2V ?Hess £ (Vf,V ) <df, V> .
For V11 and V19 d d
1% 1%
—=2|df || = — 2V2|df |*| —|?
df P 5 df |5

dVv
Vi1 = —Q\df\Q\v\Q =

1+ V2|df|? ’
N——
Vi1
av av
=2ldf *|=1*  2V3df*|—? o2 dv
Viy + Vig = v _ - Ve + Jdf 4~ |2
1+V2]df\2 1—|—V2|alf|2 1+V2|df|2 vV ’
e
d d d
PG AR 2V TP
Vi1 + Vig = P TIE TP 217F12
1+ V2|df] 1+ V2|df] 1+ V2|df|
av
—2)df | P
Vit + Vig

T 1+ V2dfR
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Now lets combine and rewrite more things together

—2AfV? (Hess £,df @ df) 2V (|Hess £(Vf,") )

Va V17
2V2 5
Vo+Vir = (|Hess £(Vf,-) | — Af (Hess f,df @ df)) .

1+ V2|df|?

Rewriting V3
1 av
=2Af (14 ———— | (df, —
=21 (14 ) ()

V
2 av
Vo=|24+ ———~—— | A df, — ).
’ (+1+V%WJ f<ﬂV>
For Vs + Vg + Voo + Vi35

—2V?2 (Hess f, df ® df) 1 dv
_ 1 af, &
Vs L+ V2df2 v )\ Y v )

Vs

—2V2 (Hess f, df ® df) <df, d“//> 2V2 (Hess f, df @ df) <df, %

Vot Ve = T VI ) (1+ V2[af[2)?
2V (Hess £, df @ df) |df |2 <df V>
B 1+ V2|df |2 ( 1+ VQ]df]2>J
Vs
—2V2 (Hess f, df ® df) <df, d‘y> 2V2 (Hess f,df ® df) { df, >
= T+ V2 ) (1+ V2dfP)
2V (Hess £, df @ df) |df 2 <df, dv> W (Hess £, df @ df) |df |2 <df, dv>
1+ V2|df|? - (14 V2|df|2)? ’
—2V2 (Hess f, df @ df) <df, d“//> 2V2 (Hess £, df ® df) <df, d‘y>
Vs + Vi + Vag + Vis = 1+ V2[dfP2 - (1+ V2|df[2)®
2V4 (Hess f, df ® df) |df|? <df, Cg/> 9V (Hess £, df ® df) |df|? <df dv>
B L+ V2]df? B (1+ V2[df[2)’

+ 2V?Hess £ (Vf,Vf) <df, C?//> .

Vao+Vis
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1+ V2df|?

dV dV
ite 2V 2Hess f (Vf,V 7N — oV2Hess £(Vf,V N W
Rewrite ess f(Vf,Vf) <df, v > ess £ (Vf,Vf) <df, v > X7 VI

—2V2 (Hess f, df @ df) <df, d;/> 2V4 (Hess f, df @ df) |df |* <df, dV>
Vs + Vg 4 Voo + Vis = T VI - TEREITEL
2V4 (Hess f,df @ df) |df|? <df, d“//>
1+ V2|df|2
2V2 <df, d&/> (Hess f,df ® df) + 2V*4|df|? <df, d;/> (Hess f, df @ df)
1+ V2|df|?
2V?2 (Hess f, df ® df) <df, d;/>
1+ V2|df|? ’
—2V2 (Hess f, df ® df) <df, d;/> 2V (Hess f, df ® df) |df|? <df, d“//>
Vs + Vs + Voo + Vis = TE VI - 0 V22
2V4 (Hess f, df @ df) |df|? <df, dv>
B 1+ V2|df|?
2V2 <df, d“//> (Hess f,df @ df)  2V*|df|? <df, C?//> (Hess f, df @ df)
1+ V2|df|? + 1+ V2|df|?
2V?2 (Hess f, df @ df) <df, dv>
B (1+V2|df]2)?

_l’_

_|_

2V2 (Hess f, df ® df) df, 2V4 (Hess f, df ® df) |df|2<df, >

(1 + V2[df[2)*

Vs + Vg + Vog + Vis = —

)

(1 + V2[df[2)*

V /(1 +V2df|?)?
dv

"V

A% V2|d
Vs + Vg + Voo + Vis = —2V2<Hessfdf®df < , > L+ |f|
—2V?2 (Hess f, df @ df) < >

Vs 4+ Vg + Voo + Vis = ESTEIPTE

Also see that )
dv
Vi + Vis + Vig = (=2 + 2V2|df|* + V*|df|") <df, V>
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JV\ 2 1 2\df |2
distribute<df, “//> and multiply by 11“;2’:4;:2'

be temporarily relabeled as O to make the following calculations clearer.

2 2
—2<df,d¥> 2V2\df\2<df,c?//>

From there, the calculation Vio + Vig + Vig will

Vie+Vig+ Vig =

L+ V22 14 V2[df?
01 02
av\? av\”
22l (a5 ) 2V ()
5.18
(5.18) T v T VI
O3 O4

aapp (. VN e 6< dV>2
VAt (a5 ) VOl (o

VI 1+ VI
05 06

+

For Vg we will rewrite it as

B 1 av\\? 2 v2df)2 \*/ ,, dv\?
o= (0 rvae) (%)) = (v vrae) (0F)

(Vh)
For which I will temporarily label as K and distribute and rewrite as K1 + K9 + K3
dv \? dv \?
4 - 4 4 -y

< 2 VP )2<df dV>2_ <df’ v> vz U <df’ V>

L+ V2df)? 1+ V2df|? v (14 V2[df2)* (1 + V2|df|2)? (14 V2|df|?)?

;{1 Ko Ks

Now for Vy we distribute and rewrite it temporarily with label @

(5.19)
1 2| 7¢12 dv\\* _ 2+ V2dfI*N 2 02 dv\\*
(0 ) (0 7)) == () v (7))

Vo
2
w2l (ar, ) vHart (a5 )

L T

For which we will distribute and rewrite as Q1 + Q2 + Q3
av\? av\? d 2
vt (a5 vl (an ) (v (0. 5)

(1 + V2|df])? (1 + V2|df|2)* 1+ V2[df|?
Q1 Q2

Q1 +Q2+ Q3=

Qs
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Collectively, Vig+Vig+Viz+Vo+ Vs = Q1+ Q2+ Q3 + K1 +§2 + K3 +01+02+Os+g)4+05+06
dv dV
—aveiarp (a5 ) (vart (a5 )

+ = - )
Q-
Q3
dv\ 2 dv\?
v (a0 5) v (a5 )
+ = - )
Ot s = ey 1+ V)
dv\ 2
—3V|af(6 { df,
Qs+ Q3= ! < g v > _Vﬁ|df|ﬁL2‘alf|2 <df dV>2
av\ 2 dv\ 2
sl (0 ) vl (a5 )
Q2+ Q3+ Op = -
(1+ V2|df|2)? L+ V2|df?
dv\ 2
6 d 6 df. —
volarte (a1, 5 )
(1+V2|df|2)*
Os¢
2 2
—3V[df|° <df, dv> VA <df, dv>
Q2+Q3+06+Q1+ K3 = v - v
(1 + V2|df[2)? (14 V2|df[2)?
ot
dv\ 2
4 4 -
vAdf] <df, V>
(1+V2df[2)*
K
2 2
v () v ()
Qa+Q3+06+Q1+K3+04+05 = 1+ V2[df2 + 1+ V2|df]2
O4
dv\ 2
4 d 4 df. =—
v (.5 )
1+ V2|df|? ’

Os
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dv \? dv\?
W05y v (a5
Qa+Q3+0+Q1+K3+04+05+K1+03+ Ky = —

(1+ V2|df[2)? L+ V2|df|?
e Y e —
K 03

dv\ 2
4V20df|? { df, ==
ar (4.5 )
(1 + V2jdf[2)?
K>
dv\ 2
4 (1+V2df?) <df, v>
(1 + V2|df[2)?
dv\ 2
2V2|df |12 { df, —
v (a1, )
1+ V22
dv \ 2 dv\ 2
4 d o2V2|df|12 { df, —
(w5) v (a )
1+ V2|df|? 1+ V2|df|?
dv \ 2
2 2 2 -r
viare (a1, )
1+ V2|df|? ’

Oz
2 2
4<df, d¥> 2 <df, dvv>
K3+ 044054+ K4+ 03+ Ko+ 0y+0; = -
Q2+ Q3+ 06+ Q1+ Kz + 04+ 05+ K 4+ O3+ Ko+ Oz + Oy 1+ V2ldf2 1+ V2df]2’
N———

O
dv\ 2
2 ( df, ——
<ﬁv>
1+ V2[df|2

)

Q2+ Q3+ 06+ Q1+ K3+04+ 05+ K + 03+ Ko =

Qa+Q3+0s+Q1+K3+04+05+ K1+ 03+ Ko+ 09 =

_l’_

Q2+ Q3+ 0s+Q1+ K3+04+05+ K1 +03+ Ko+ Oy + 01 =

Thus

2
2.5 )

Vig+Vig+Vis+ Vo + Vo = ——5—5-
12+ Vig + Vig + Vo + Vg L+ V2 df 2
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Now for the remaining components we will see that Voo, Vig, Vy, V7 cancel out

212 dv\? dv \ 2
Voo + Vig :W (2 (1 + V2\df|2) |df’2 <df7 V> ) - 4V2Wf|2 <df7 V> )

_ 2 1p12 v \? 2| 1012 v\’
_<4v df| <df,v> ) — av2|df] <df,v> ,

Ve = V2 (Hess f,df @ df)\* (V2 (Hess f,df @ df)
T 1+ V2|df|? 1+ V2|df[? ’
=0.
With all the summations in mind, all together R, +n (n — 1) is
H™ —|S]; =
& 2V

(Af)* — [Hess f]> +

:W ) W (]Hess f(Vf,-) ]2 — Af (Hess f,df ® df>)

i Vio
Vo+Vir
2 dV 22 av
24— | A df, — )— ————= (H f,d d df, —
# (2 v ) ST ) 1 g s saroan (0.7
\2 Vs+Ve+Vao+Vis

2 dv\ 2 2 dv 4 dv
—c lar N ot  aPl e — 2 (Hess @
+ 1+V2]df\2<f’ v> v Y 1+V2\df|2< ess f,df ® v>

Vie+Vig+Viz+Vs+Vo Vi1+Vig Vig+Va1

Lemma 5.5. We have the following identity

‘ 1 . S
(520) dZUb |:1—H/2’df’2 (V div be —Vd t’l”be —€ (v‘/v ) + (trbe) dV):| =V (H - |S|52;)
where e = V2df @ df .

Proof. Starting with: V div® (V2df ® df)- V d tr® (V2df @ df)-V2df @ df (VV,-)+ (tr’VZdf @ df) dV
We see that div®V2df @ df is
div®V23df @ df =2VVVdf @ df + V2V fdf @ df + V2dfV fdf
(5.21) =2V (df,dV) df + VYV fdf + V2dfVV,
=2V (df,dV) df + V2Afdf +V? (Hess f,df ® -).
And that tr°V2df @ df = V2df ® df.

So
(5.22)

V div b — V d trte — e (VV, ) + (trbe) dV =V (2V (df,dV) df + V>V fdf + V' (Hess f, df @ -))

(div®V2df @df )
—V d tr (V2[df|?) — VEdfdf (VV,-) + V2]df [V,
=2V2 (df,dV) df + V3V fdf + V3 (Hess f,df ® -)
—V d tr® (V2]df[2) — V2 (df,dV) df + V2|df2aV.
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An asymptotic property of d tr? (V2]df \2) appears as follow
=2V2(df,dV) df + V3V fdf + V3 (Hess f,df @ -
+dV (=2VI[df|?) = VEVVVf = VIVFVVf =V (df,dV) df + V?|df|*dV,
asymptotic property
=V3 (Hess f,df @ -) — 2V (Hess f,df ® -) + 2V {(df,dV) df — 2V (df,dV') df
+ V3Afdf — V3 df|*dV + V2|df|*dV
V3Afdf — V3 (Hess f,df @ -) — V2|df|2dV + V2 (df,dV) df.
With this in mind for VdivPe- v d trle-e(VV,-)+(trPe)dV let’s look back at div® (V divle- v d trbe-
e(VV, ) +(tr’e)dV) with d Hess f = div® Hess f df in mind

=div® (V3Afdf — V3 (Hess t,df ® -) — V2|df|*dV + V2 (df,dV) df ),
=3V2Afdf + V3dAfdf + V3AFVVS
— 3V (Hess £, df ® df) — V3 <divb Hess f, df> — V3 (Hess £, VV f)
—2V|df|?|dV|* — 2VAV N fV fdV — V2 |df *VVV
+ 2V {df,dV) dfdV + V2V fdVdf + V2 (df, VVV) df
+ V2 {df,dV) VV {,
=3V2Af (df,dV) + V3 (dAFf,df) + V3 (Af)?
—3V?% (Hess f,df @ dV) — V3 <divb Hess f, df> — V3|Hess f|?
—2V|df|?|dV|* — 2V? (Hess f,df @ dV') — V? (df @ df, Hess V)
+ 2V (df,dV)? + V% (Hess f,dV @ df) + V2 (df @ df, Hess V)
+ V2 (df,dV) Af,
= V3 [(Af)? — [Hess £ + (dAS, df) — <dwb Hess f, dfﬂ

Distribute V3
—4V? ( Hess f,df @ dV') +4V? (df,dV) Af
+ 2V (df,dV)* — 2V |df |?|dV 2.

Rewriting (dAf, df)
(dAF, df) = (d Hess £, df) = <dwb Hess f, df> ,

we see that

—y3 [(A £)% — |Hess f\Q] — 4V (Hess f,df @ dV)
+AVZ(df, dV) Af + 2V (df,dV)? — 2V |df|?|dV |,

Looking at

1 b b b
<d<1+V2|df|2)’dee -V dtr e—e(VV,-)—k(tr e)dV>,
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1
substituting in (5.21) (5.22) taking the derivative of d (1—|—V2|df]2>

1 . b b b
<d <]H/W> ,V dZ’U € —V d tr e—e(VV,) + (t'f‘ 6) dV>
B <—2V\df|2dV —2V?2 (Hess f,df @ -)
(14 V2[df|?)?
distribute V|df|?dV — V2 (Hess f, df ® -)
1 . b b b
<d <1—|—‘/2‘df‘2> ,V dl’U e —V d tr'e — e(VV,) + (t?" €> dV>
-2
=——~ [V df,dV) — 2|df|?V* (Hess f,df @ dV

Trvage VIV @A) — 2PV (e 1 @ av)

= V3Idf|dV|* + V|df* (df, dV)? + VOV f (Hess £, df @ df)

—VP| (Hess f,df ® ) |* +V* (df,dV) (Hess f,df @ df)] .
Now that we know the components from the divergence’s chain rule, we can substitute them as follow

VAV fdf —V3 (Hess f,df @ ) — V2|df|2dV + V2 (df,dV) df> :

1

e [1+V’2\df\2 (V-die =V durte—e(vV.) + (') av) |
—; 3 2 _ w12\ _ 412 N
T VP V3 ((Af)? = Hess 12) — 4V (Hess £,df @ V)

FAVE (df, dV) Af + 2V (df,dV)* — 2V|df|2|dV|2}

2 2
— 519y AF(df.dVY — 1dfI2V4 (Hess £.df @ dV) — V3|df|141dV |2
(1 + V2|df]?) [V fAdf,dV) —|df |7V*" (Hess f,df @ dV) — V*|df[*|dV|

+ V3df |2 (df,dV)* + VOAS (Hess f, df ® df)
— V| (Hess £, df ® -) |* +V* (df,dV) (Hess f, df @ df)] .

Factoring out 1+V12]df\2’ we ultimately see (5.5) but with a multiple of V'
1
b . b b b
div [1+V2Idf|2 (v dive =V dtr'e — e (VV,-) + (tr'e) av) |
_ bl 2 2\ 2 5
=T VT {v ((Af) |Hess f ) VT (VEAS (Hess £, df @ df))
—V?| (Hess f,df @ - |2)
A2 1% ) o
Y (Hessf,df ®@dV) + ——— ((df,dV)? — |df|?|d
g Mess L @ dV) + oo (. av)? = drPlavP?)
Vv (Hess £df o df) + (24— ) ASIdfE (df. dv)
1+ v2are ’ 1+ V2[df2 ’ ’
=V (H*-|9)%).

Thus we can conclude
5.23

1

(V div %e — V d trbe — e (VV,-) + (trbe) dV)} .
U
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Proof of Theorem 5.1. Let v denote the outgoing unit normal to 92 and let v, = 0, be the normal
to the spheres of constant r. By the Gauss equation (3.17) and Lemma 5.5, we have

1

—q:.,b - b b b

(5.24) VI[R(g)+n(n—1)] =div [1 VIR (V div’e =V d tr'e —e(VV,-) + <t7’ e) dV)} .
Integrating (5.24) over an outer domain and using the divergence theorem

(Rg+n(n—1))
/ i R dVol,

:/ V (Ry+n(n—1))dVol,
Hn

= lim V(Ry +n(n —1))dVoly,

r—00 B'r (O)
1

= li div’ | ————
= "’ [1+V2|df2

r—00 B, (0)

: 1 b b b
:rlg]go /S’r(O) T VIR (V div’ e =V dtr’e—e(VV,:) + (tr e)dV) (vy)dST,

=massag (X,9) .
Therefore, if R(g) > —n(n — 1), the total mass is non-negative. O

(V div’e — V d tr’e — e (VV, ) + (trbe> dV)] )
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